NRICH Live Problem: Simplifying Doughnut

According to the rules, we need to match the Domino ends that are algebraically equivalent. First, let’s list all of the Domino Sets (using this format: [First Half] and [Second Half]):
· [a^2 – b^2 / a + b] and [a + b / a – b]
· [b – a] and [a * b^2 / ab]
· [b(a – b) / a(a – b] and [a^2 – b^2]
· [a – b] and [b * a^2]
· [ab] and [a / b]
· [(a – b)^2 / a – b] and [a^2 * b^3 / ab]
· [a^2 + b^2] and [a^2 * b^2 / a^2b]
· [a + b] and [b^2 – a^2 / a + b]
· [b / a] and [a + b]
· [a – b – (a – 2b)] and [(a + b)^2 / a^2 – b^2]
· [a^2 * b / ab] and [a(a + b) + b(b – a)]
· [a^3 * b^2 / ab] and [b]
· [a^3 * b^2 / a^2] and [a^2 b / a * b^2]
· [b – a] and [a(a – b) + b(a – b)]
· [a(2a + b) – 2 * a^2] and [(a – b)^3 / (a – b)^2]
· [a(b + 1) – ab] and [(2b + a) – (2a + b)]

After a while of observing, we can notice that most of the Domino Sets can be simplified, then paired up with each other. By simplifying the algebraic expressions, it helps with pairing up those whom are equal. This is what we can find after simplifying the Domino sets (red symbolises it’s simplified):
· [a - b] and [a + b / a – b]
· [b – a] and [b]
· [b / a] and [a^2 – b^2]
· [a – b] and b * a^2]
· [ab] and [a / b]
· [a - b] and [a * b^2]
· [a^2 + b^2] and [b]
· [a + b] and [b - a]
· [b / a] and [a + b]
· [b] and [a + b / a - b]
· [a] and [a^2 + b^2]
· [b * a^2] and [b]
· [a * b^2] and [a / b]
· [b – a] and [a^2 – b^2]
· [ab] and [a – b]
· [a] and [b – a]

NOTE: You might notice some aren’t fully simplified, eg: [a^2 – b^2] can be simplified into (a – b)(a + b). But it’s a bit unnecessary, as there are only two sets of them anyways. Finally, we can start answering the questions:

Make four doughnuts, what do you notice?
We are required to make doughnuts with the sets above, in which two ends must be equivalent in order to be paired up. To save time, let’s replace all of the same algebraic expressions with numbers that can be connected like dominoes later.
· [a – b] is 1 (4 sets)
· [b – a] is 2 (4 sets)
· [a + b] is 3 (2 sets)
· [a] is 4 (2 sets)
· [b] is 5 (4 sets)
· [ab] is 6 (2 sets)
· [a / b] is 7 (2 sets)
· [b / a] is 8 (2 sets)
· [a * b^2] is 9 (2 sets)
· [b * a^2] is 10 (2 sets)
· [a^2 – b^2] is 11 (2 sets)
· [a^2 + b^2] is 12 (2 sets)
· [a + b / a – b] is 13 (2 sets)

Now all we have to do is connect them together. Note that algebraic expressions with 2 sets must be connected no matter what as there are no other sets to connect to. Eg. There are only 2 [a + b] expressions. Hence those two connect together.

NOTE: We’ll be using this type of format: w -> x -> y -> z and replace the algebraic expressions shown from before with numbers (for methods AND solutions), to keep things simple. We would normally have to write the same expression twice but it will be simpler to write in this format (diagram to aid understanding):










Now let’s list all of the expressions (In number form) to show which must be connected together (the expressions that only appear 2 times):
· [2 -> 11 -> 8 -> 3 -> 2] (NOTE: Stops here as there are 4 [b-a]s and we’re only writing the Dominoes that MUST BE connected together, same for every other case listed here)
· [2 -> 4 -> 12 -> 5]
· [1 -> 6 -> 7 -> 9 -> 1]
· [1 -> 10 -> 5]
· [1 -> 13 -> 5]

NOTE: The domino Sets put together can be flipped around to match another domino, or reversed, but the result is still the same. Just a friendly reminder in case you’re confused by the slightly unclear Domino Sets (See diagram below for explanation):






Finally, we can finish the question, remember that each number represents a different algebraic expression, and every time they appear, it’s actually twice! The arrow signs mean they’re connected and the last number connects to the first one to create a doughnut. By using the MUST BE connected sets I found the answer that creates 4 doughnuts:
· [2 -> 11 -> 8 -> 3]  (NOTE: Even though it isn’t mentioned, the last number written goes back to the starting number, I didn’t write it just to avoid confusion)
· [2 -> 4 -> 12 -> 5]
· [1 -> 6 -> 7 -> 9]
· [1 -> 10 -> 5 -> 13]

Make two doughnuts, what do you notice?
It’s just as easy. Thanks to the MUST BE connected domino graph from above, we can easily solve this solution too, by merging the answer sets from above:
· [2 -> 11 -> 8 -> 3 -> 2 -> 4 -> 12 -> 5]
· [1 -> 6 -> 7 -> 9 -> 1 -> 10 -> 5 -> 13]

NOTE: There are more solutions than this, as you can put the dominos in different areas (Eg. between) and create a new solution.
Is it possible to make one very large doughnut, using all sixteen cards?
Yes! Even though we can’t merge the two doughnuts for the previous question together directly (end to end), we can still find the answer using the MUST BE connected domino structures. Hence we can connect the MUST BE connected sets together to form our final, biggest doughnut:
· [1 -> 6 -> 7 -> 9 -> 1 -> 10 -> 5 -> 2 -> 11 -> 8 -> 3 -> 2 -> 4 -> 12 -> 5 -> 13]

And if it is possible, is there more than one way of doing this? How many can you find?
Of course there are many more ways! The dominos that must be connected to each other are only a portion of all the domino’s. Hence there are still more solutions to creating this doughnut. Due to lack of time (I started this on 23rd January, Friday), I can’t provide a full explanation. Sorry! But I can still provide some more examples for more solutions:
· [1 -> 6 -> 7 -> 9 -> 1 -> 10 -> 5 -> 12 -> 4 -> 2 -> 3 -> 8 -> 11 -> 2 -> 5  -> 13]
(Reversing the dominos placed inside)
· [2 -> 11 -> 8 -> 3 -> 2 -> 4 -> 12 -> 5 -> 13 ->1 -> 6 -> 7 -> 9 -> 1 -> 10 -> 5]
(Reversing in and outs)
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