Take Three From Five

Can you find a set of five integers that doesn't include three integers that add up to a multiple of 3?  

Ans: No, I cannot find a set which satisfies the condition.

If not, can you provide a convincing argument that you can always find three integers that add up to a multiple of 3?

Ans: First, let us classify all integers into three categories.
A number that is a multiple of 3 (in the form 0(mod 3)) can be called of type A.
A number that leaves a remainder of 1 when divided by 3 (in the form 1(mod 3)) can be called of type B.
A number that leaves a remainder of 2 when divided by 3 (in the form 2(mod 3)) can be called of type C.
For example, the set 8, 11, 38, 42, 69 can be expressed as BBBAA, or properly rearranged – AABBB.
Set 8, 9, 31, 49, 92 can be expressed as CABBC, or properly rearranged, ABBCC. 

Next, we will determine the rules for three integers adding up to a multiple of 3: AAA, BBB, CCC, ABC – meaning if a set has 3 As, it satisfies AAA rule, if it has 3 Bs, it satisfies BBB rule, if it has 3 Cs, it satisfies CCC rule, and if it has 1A, 1B, and 1C, it satisfies the ABC rule.
 
For a set of 5 integers, there are only two possibilities: 
1) The set has all types of numbers, i.e. it has at least 1 A, B and C. These sets follow ABC rule.
2) The set does not have all types of numbers, i.e. 1 A, B and/or C is not there in the set. This means 3 or more of one type will exist in that set. It will follow AAA, BBB or CCC rule (3 or more of one kind).
This means there are no sets which do not satisfy this condition.

Hence there always exist 3 numbers in a set of 5 numbers whose sum is 3. 
