Picturing Square Numbers

The diagram shows that 1 + 3 + 5 + 7 = 16.
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What is the sum of the first 30 odd numbers?

Ans: The sum of the first 30 odd numbers is 900.

What is the sum of the first 60 odd numbers?

Ans: The sum of the first 60 numbers is 3600.

Can you describe a method for working these out quickly?

Ans: The method I found is – if we have to add up to the first k odd numbers, the sum is k2. 

Proof:

I will prove by induction.
Base Case: k = 1
1 = 12
1 = 1

Induction Hypothesis: Assume 1 + 3 + 5 + … kth odd number = k2 
To prove: 1 + 3 + 5 + … + kth odd number + k + 1th odd number = (k + 1)2

Induction step: If n is the kth odd number, then n = 2k – 1.
Then 1 + 3 + 5 + … + 2k – 1 = k2
Add 2(k + 1) – 1 = 2k + 1 to both sides.

1 + 3 + 5 … + 2k – 1 + 2k + 1 = k2 + 2k + 1
k2 + 2k + 1 = (k + 1)2
Therefore 1 + 3 + 5 + … + 2k – 1 + 2k + 1 = (k + 1)2

Hence proved.

Can you make 3249 by adding odd numbers in this way?
Ans: 3249 is the square of 57, so 1 + 3 + 5 + … + 55 + 57 = 3249.

Explain how you worked these out.
What is the value of:

1 + 3 + ...+ 149 + 151 + 153?

Ans: 153 is the 77th odd number so the sum is 772 = 5929.



83 + 81 + ... + 5 + 3 + 1?

Ans: 83 is the 42th odd number so the sum is 422 = 1764.

51 + 53 + 55 + ...+ 149 + 151 + 153?
Ans: 49 is the 25th odd number so the sum is 252 = 625. 
153 is the 77th odd number so the sum is 772 = 5929. 
5929 – 625 = 5304


2 + 4 + ... + 150 + 152 + 154?

Ans: 153 is the 77th odd number so the sum is 772 = 5929. 
The sum of all numbers up to 154 is 154*155/2 = 11935. 
11935 – 5929 = 6006.

2 + 6 + ... + 298 + 302 + 306?

Ans: Each term is equal to 4k – 2. And there are 77 terms. 
The sum of the first 77 numbers is 77*78/2 = 3003. 
Multiply 4 for each term – 3003*4 = 12012. 
Subtract 2 for each term – 12012 – 2*77 = 12012 – 154 = 11858. 
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