Not so simple pendulum 2
(NOTE from Ed: Sorry for the typo! Its corrected in the problem) From the description given I’m guessing that the differential equation is meant to be:

Because x is the angle and not y. Note that x is measured in radians. If you’ve done the not so simple pendulum 1 problem then you will notice that this is the same equation and therefore m is the mass of the bung in kg, but in this equation [image: image1.png]


/m = g/L where g is the gravitational field strength and L is the length of the string the bung is attached to, and therefore [image: image2.png]


 is measured in kg s-2. Also as proved before the general solution is:
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Where [image: image4.png]


 is the initial angle in radians.
The modelling assumption that there is a force acting against the direction of motion that is proportional to the velocity would exist in the real world, but this would be air resistance and not friction. If it were friction then you would have to deal with moments. For the given differential equation, the units of λ times s-1 (because d/dt divides the units by time which are seconds in SI units) must equal the units of [image: image5.png]


, and [image: image6.png]


 is measured in kg s-2 so λ must be measured in kg s-1. The assumption that λ is constant is just as good an assumption that g stays constant as the bung changes height, in other words it does change a little because the air is slightly thinner as the bung gets higher, but it changes so little that it really doesn’t make a big difference to the end result. Now rather than solving the given differential equation I will derive and solve my own (hopefully) more accurate equation using the assumption that the bung is small enough to obey Stokes law.

[image: image7]
On the diagram the force pointing down is gravity, the dotted line is the resolved force of gravity, and the other line is drag/air resistance. We can see the resolved force of gravity is:
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Where m is the mass of the bung, g is gravity and x is the angle between the vertical and the string and is very small. The force is negative because the direction it is acting is against the direction of motion. Now using Stokes law the force from the air resistance is:
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Where r is the radius of the bung, n is the coefficient of viscosity for the fluid the bung is in, and v is the velocity of the bung. Now if we consider direction in these equations we can work out the resultant force and turn this into a differential equation:


[image: image10]
This can be written in a simpler form:


[image: image11]
Now for the fun bit – solving it. First let’s make the assumption that the solution is in the form of an exponential and try and solve it.


[image: image12]
Now μ will always have to be greater than λ in order for any resultant force to occur, so we can assume that r will be in the form of a complex number. If it isn’t a complex number then it will be an exponential graph which never touches 0 and therefore the viscosity of the fluid or the gravitational field are way too far off their actual value.

[image: image13]
As you will notice this is similar to what we are asked to differentiate in the problem. I will have to differentiate it anyway so we can find the value of A and B:
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Now we have A and B we can write the solution as:

[image: image16]
As I said before, this way would be slightly more accurate because we do every step and understand what each constant means, but this seems to mean that the solution will look a lot more complicated. Here is a plot of the solution on geogebra:
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