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Barry A. Hale

Some Tests of Fermat and Pythagoras

Summary
The Fermat equation for cubes x3 + y3 = z3 would have  0 + 3 ( 3 (mod 8), where x is even and y is 3 mod 8.  If x is even and 2 mod 8, the binomial expansion of the sum would give a result of 8W + 23 + 33 = 8W + 8 + 27 = 8W + 35, which is also 3 mod 8. The cube of a single integer 3 mod 8 would expand to 8Z + 27, giving

8W + 8 + 27 = 8Z + 27

which might intuitively seem to be incorrect.  This project seeks to confirm this intuition.  In particular, the simplest expedient for dealing with the above equation would be to solve for Z
8W + 8 + 27 - 27
= 8Z
W + 1

= Z


or in general,

W + c

= Z
where c = sn/8, which can be reduced to the congruence (for odd powers)






nis2m + njr2m + c
( nkr2m

, n = 2m + 1 ( 1,3,5,7 mod 8

The Fermat equation for cubes can also be stated as the separate cases

x3 + Y3 = z3 (y > x)

X3 + y3 = z3 (x > y)

When viewed in this way, it immediately becomes apparent the problem cannot be solved for low-valued x and y, 

This report presents work with these ideas, using the solvable Pythagorean problem x2 + y2 = z2 to check techniques.  One interesting idea is that if the congruence above is restated as an equality, it would be possible to have the linear equation

nis2m + njr2m + nkr2m =  8b - c (s = 0,2,4,6; r = 1,3,5,7)

which has no integer solutions for i, j, and k because the conditions for solution require n(c, which isn’t possible with the values available.

This report marks the first step in exhausting as many fundamental tests of Fermat as possible in order to develop a better appreciation of the problem.

Preconditions
For

x3 + y3 = z3
working mod 8, identify primitive triples where gcd(x, y, z) = 1 (all other triples are generated by multiplying through by arbitrary d3).  The cubes of even integers are congruent with 0 mod 8, while the cubes of odd integers are congruent with 1, 3, 5, 7 mod 8.  These properties mod 8 apply to all other odd powers.  The properties of the primitive triple also requires that x, y, and z be relatively prime in pairs.

If x, y, and z form a primitive triple, then one of these conditions can hold: either one of x and y must be even, with the other odd, y ( z; one of x and y is 1 mod 8 with the other 7 mod 8, z even; one of x and y is 3 mod 8 with the other 5 mod 8, z even. For the possibility of x and y both being odd, xn + yn = 8Z requires a combination of non-integers, xn/8 + yn/8, to derive the integer Z and possibly implies non-coprime x and y, leaving odd-even combinations of x and y, with x being designated the even element and y the odd element.

Definitions
Using 

x = 8i + s
y = 8j + r
z = 8k + r

(s = 0, 2, 4, 6; r = 1, 3, 5, 7)

x3
= (8i)3 + 3(8i)2s + 3(8i)s2 + s3


= 8(82i3) + 8(3)8i2s + 8(3)is2 + s3


= 8(82i3 + 8(3)i2s + 3is2) + s3


= 8X1 + s3
y3
= (8j)3 + 3(8j)2r + 3(8j)r2 + r3


= 8(82j3 + 8(3)j2r + 3jr2) + r3


= 8Y1 + r3
z3
= (8k)3 + 3(8k)2r + 3(8k)r2 + r3


= 8(82k3 + 8(3)k2r + 3kr2) + r3

= 8Z1 + r3
X1
= 82i3 + 8(3)i2s + 3is2


= 8(8i3 + 3i2s) + 3is2


= 8X2 + 3is2
Y1
= 82j3 + 8(3)j2r + 3jr2


= 8(8j3 + 3j2r) + 3jr2


= 8Y2 + 3jr
Z1
= 82k3 + 8(3)k2r + 3kr2


= 8(8k3 + 3k2r) + 3kr2


= 8Z2 + 3kr2

x3 + y3

= (8i)3 + 3(8i)2s + 3(8i)s2 + s3 + (8j)3 + 3(8j)2r + 3(8j)r2 + r3


= (8i)3 + (8j)3 + 3(8i)2s + 3(8j)2r + 3(8j)r2 + 3(8i)s2 + s3 + r3 



= 8(82i3 + 82j3) + 8(3(8)i2s + 3(8)j2r)+ 8(3jr2 + 3is2)+ s3 + r3


= 8(82i3 + 82j3 + 3(8)i2s + 3(8)j2r + 3jr2 + 3is2) + s3 + r3


= 8X1 + s3 + 8Y1 + r3


= 8X1 + 8Y1+ s3 + r3


= 8(X1 + Y1) + s3 + r3
= 8W1 + s3 + r3
the Fermat equation for cubes is





x3 + y3

= z3
8W1 + s3 + r3
= 8Z1 + r3
Tests
The 16 combinations of s and r mod 8 can be arranged

	s
	r
	s
	r
	s
	r
	s
	r

	0
	1
	2
	1
	4
	1
	6
	1

	0
	3
	2
	3
	4
	3
	6
	3

	0
	5
	2
	5
	4
	5
	6
	5

	0
	7
	2
	7
	4
	7
	6
	7


Given 8W + s3 + r3, each choice of s3 represents a constant, even C relative to a varying choice of odd r3, so the assertion should be consistent with the calculation





8W1 + C + r3

= 8Z1 + r3
8W1+ C + r3 - r3
= 8Z1 

(8W1+ C)/8
= 8Z1
W1 + C/8
= Z1
W1+ c

= Z1
If 8W + s3 + r3
is a sum of two cubes and 8Z + r3 is the cube of a single integer then

W1 + c

= Z1
X + Y + c
= Z1


8X2 + 3is2 + 8Y2 + 3jr2 + c
=



8X2 + 8Y2 + 3is2 + 3jr2 + c
=




8W2 + 3is2 + 3jr2 + c
= 8Z2 + 3kr2​​​
and the assertion should allow the congruence





8W2 + 3is2 + 3jr2 + c
( 8Z2 + 3kr2

(mod 8)





0 + 3is2 + 3jr2 + c
( 0 + 3kr2





3is2 + 3jr2 + c
( 3kr2
The precondition requiring an even x and an odd y implies either x > y or y > x, so the Fermat equation for cubes can also be recast as two problems

x3 + Y3 = z3 (y > x)

X3 + y3 = z3 (x > y)

If y > x, then any proposed z3 must be the cube of one of the integers r mod 8 consecutive to y
8(j + 1) + r, 8(j + 2) + r, 8(j + 3) + r, … 

that is, for z = 8k + r, k equals one of j + 1, j + 2, j + 3, … that can be used to construct prospective z3.  The ratio between adjacent values of  z ( r mod 8 is roughly

(z + 8)3/z3
= (z3 + 3(8)z2 + 3(82)z + 83)/z3






= z3/z3 + 24z2/z3 + 3(64)z + 512/z3






= 1 + 24/z + 124/z2 + 512/z3






( 1 + 24/z
The condition y > x requires x3 + y3 < 2y3.  For example, when j = 5, r = 3, y equals

 (8j)3 + 3(8j)2r + 3(8j)r2 + r3
= (8(5))3 + 3(8(5))2(3) + 3(8(5))32 + 33






= 8(82(5)3 + 8(3)(52)3 + 3(5)(32)) + 27







= 8(64(125) + 24(25)3 + 15(9)) + 27







= 8(8000 + 1800 + 135) + 27






= 8(9935) + 27







= 8Y1 + r3






= 79507

The first candidate value for z would therefore use k = j + 1 = 6, r = 3



(8k)3 + 3(8k)2r + 3(8k)r2 + r3
= (8(6))3 + 3(8(6))2(3) + 3(8(6))32 + 33






= 8(16578) + 27







= 132651

Tabulating this and consecutive increments of j gives

	k
	increment
	 z
	z3
	ratio
	accumulated

ratio
	estimate

(1 + 24/z)
	accumulated

estimate

	5
	0
	43
	79507
	
	
	
	

	6
	1
	51
	132651
	1.668
	1.668
	1.56
	1.56

	7
	2
	59
	205379
	1.548
	2.583
	1.47
	2.29

	8
	3
	67
	300763
	1.464
	3.783
	1.41
	3.22

	9
	4
	75
	421875
	1.403
	5.306
	1.36
	4.38

	10
	5
	83
	571787
	1.355
	7.192
	1.32
	5.78

	11
	6
	91
	753571
	1.318
	9.478
	1.29
	7.45

	12
	7
	99
	970299
	1.288
	12.204
	1.26
	9.42


so for cases x3 + 433 = z3, (even x < 43), z3 can only be 51, allowing a maximum x = 37 for a sum of 130160.  By starting with the small values of x and y and stating the cases x3 + Y3 or X3 + y3 individually, it becomes clear that the Fermat equation cannot be solved until certain minimal values are reached: given x3 + 33, the next z ( 3 is 11 and since 113 is 1331 ( 49(27), cases x3 + 33 offer no solutions.

There is no need to “step through” each combination.  Cases y > x must at least have a first increment of j giving (8(j + 1) + r )3 < 2(8j + r )3.  For a given choice of r mod 8, cases x > y have a base value of the highest odd y congruent with r: cases 403 + y3 (y ( 5) would have a first prospective z3 of (8(4 + 1) + 5)3 = 453 = 91125 < 12800 = 2(64000) = 2(403), meeting the minimal requirements for feasibility.  These minimal requirements can be roughly predicted.  The ratio between a candidate z and a given base value needs to be ( 2




21/I
( 1 + nb/z





21/I - 1
( nb/z

(21/I - 1)/nb
( 1/z
z(21/I - 1)/nb
( 1

z
( nb/(21/I - 1)

In the tabulation of successive z above, the ratio between any given increment and the base value is the product of the ratios of preceding entries:  673 is (1.668)(1.548)(1.464) = 3.780 times the base value 433, so an increment of 4 from the base meeting the requirements would roughly be the fourth root of 2, 21/4 = 21/I; n is the power of the Fermat equation being considered and b is the modulus guaranteeing 0 mod b for even values and y ( z: b could be any power of 8.  We are working mod 8 here so b = 8.  For n = 3, the equation doesn’t become feasible for a first increment until around

z
= 3(8)/(21/1 - 1)




= 24/(2 -1)




= 24

This estimate is actually pessimistic: if we go to cases x3 + 313 = z3, 31 ( 7, the next available cube 7 mod 8 is (31 + 8)3 = 393 = 59319 = 1.9912(29791) = 1.9912(313), so one of the even x < 31 could sum to a solution.  

Other odd n give approximate lower bounds mod 8

	n
	lower

bound
	ratio

	3
	24
	

	5
	40
	0.60

	7
	56
	0.71

	9
	72
	0.78

	11
	88
	0.82

	13
	104
	0.85

	15
	120
	0.87

	17
	136
	0.88


This result is possibly trivial but encouraging.  We have an easily calculable formulation that applies to all odd powers and gives better results as the power increases.  The Pythagorean equation meets the requirement z2 < 2y2 or 2x2 easily, the most obvious case being the famous example





y2 + 42 = z2
In this case, we have to work mod 4 to assure the condition even x ( 0 and the odd y and z aren’t necessarily congruent, so z can be the first odd number either 1 or 3 mod 4 consecutive to  1 or 3.  Of course 1 + 4 = 5, 52 = 25 = 1.5625(42), solvable as




9 + 16 = 25

Perhaps the most useful concept here is the idea of increments from a base value, which can be explored with the congruence (n = 3) mod 8





3is2 + 3jr2 + c
( 3kr2
The values of c = s3/8 are 0, s = 0; 1, s = 2; 8,  s = 4; 27, s = 6. The product is2 ( 0,4 mod 8 for the even s, while r2 ( 1 mod 8 for any of the odd r.  One specific solution is




3(3)22 + 3jr2 + 1
( 3kr2




9(4) + 1
( 3k - 3j



4 + 1
( 3(k - j)



3(5)
( 3(3)(k - j)



15
( k - j


7
( k - j
along with other results

	i
	s
	c
	c mod 8
	3is2 + c mod 8
	
	
	result

	0,1,2,3,4,5,6,7
	0,4
	0
	0
	0
	3(0) ( 3(3)(k - j)
	0 ( k - j
	0 ( k - j

	0,2,4,6
	2
	1
	1
	1
	3(1) ( 3(3)(k - j)
	3 ( k - j
	3 ( k - j

	0,2,4,6
	6
	27
	3
	3
	3(3) ( 3(3)(k - j)
	9 ( k - j
	1 ( k - j

	1,3,5,7
	2
	1
	1
	5
	3(5) ( 3(3)(k - j)
	15 ( k - j
	7 ( k - j

	1,3,5,7
	6
	27
	3
	7
	3(7) ( 3(3)(k - j)
	21 ( k - j
	5 ( k - j


When applied to other odd powers, this congruence becomes

8W2 + nis2m + njr2m + c ( 8Z2 + nkr2m

, n = 2m + 1 ( 1,3,5,7 mod 8

and s and r would have the same properties mod 8 as their respective partners in the third power problem, except that fourth and higher even powers of even integers are always 0 mod 8.  The coefficient on jr2m is the next-to-last coefficient in the binomial expansion for candidate zn.  A work-up of Pascal’s Triangle or the Binomial Formula shows that this coefficient always equals the power the binomial is being raised to.   The coefficient for odd powers would therefore be 1, 3, 5, 7 mod 8 and the congruence formulas would always have 1(1)(j - k) ( j - k, 3(3)(j - k) ( j - k, 5(5)(j - k) ( j - k, 7(7)(j - k) ( j - k.

Moving to n = 5


5is4 + 5jr4 + c
( 5kr4
r4 ( 1 mod 8 for the odd r, the product is4 always ( 0

The values of c = s5/8 are 0, s = 0; 32/8 = 4 ( 4, s = 2; 1024/8 = 128 ( 0, s = 4; 7776/8 = 972 ( 4, s = 6

Tabulating

	i mod 8
	s
	c
	c mod 8
	5is4 + c mod 8
	
	
	result

	0,1,2,3,4,5,6,7
	0,4
	0
	0
	0
	5(0) ( 5(5)(k - j)
	0 ( k - j
	0 ( k - j

	0,1,2,3,4,5,6,7
	2
	4
	4
	4
	5(4) ( 5(5)(k - j)
	20 ( k - j
	4 ( k - j

	0,1,2,3,4,5,6,7
	6
	972
	4
	4
	5(4) ( 5(5)(k - j)
	20 ( k - j
	4 ( k - j


For n > 5, s2m is always divisible by 8, the product is4 always ( 0, and the congruence would be worked out

nis2m + njr2m + c
( nkr2m


nis2m + 0
( nk - nj
n(0)
( n(k - j)

n(n)(0)
( n(n)(k - j)

0
( k - j
an interesting result, because for n > 5, the answer seems to offer either the impossibility k - j = 0, j = k, zn = yn =  xn + yn or the equally curious idea that regardless of the power being considered, z is always and only 8t increments of j from y, for some suitable t. 

Even more curious is the observation that the congruence is derived from the equality

8W2 + nis2m + njr2m + c = 8Z2 + nkr2m


and can be rearranged

ns2mi + nr2mj - nr2mk = 8Z2 - 8W2 - c


ns2mi + nr2mj - nr2mk = 8b - c
The exponents here are on s and r, which take on the specific values 0 through 8, so the LHS is a linear equation of i, j, and k and the RHS is either 7, 5 mod 8 (n = 3) or even.  The gcd of the coefficients is the common odd factor n, effectively making the equation

ni + nj - nk = 8b - c
but integer solutions of this equation require n(8b - c, which can’t be done with the values available.

A very interesting idea if it checks out.  Trying this with the Pythagorean problem when y ( z
x2
= (4i)2 + 2(4i)s + s2




= 4(4i2 + 2is)+ s2




= 4X1 + s2
X1
= 4i2 + 2is
X1
= 4X2 + 2is
y2
= 4Y1 + r2
z2
= 4Z1 + r2,
(s = 0, 2; r = 1, 3)

x2 + y2

= z2
4W1 + s2 + r2
= 4Z1 + r2
W1+ c
= Z1

4W2 + 2is + 2jr + c
= 4Z  + 2kr
Specifically, x = 4(5) + 0 = 20, y = 4(5) + 1 = 21, z = 4(7) + 1 = 29, 202 + 212 = 400 + 441 = 841 = 292, c = 0


4W2 + 2is + 2jr + c

= 4Z2 + 2kr

4(i2 + j2) 2(5)0 + 2(5) + 0
= 4k2 + 2(7)



4(52 + 52) + 10

= 4(72) + 14




4(50) + 10
= 4(49) + 14






200 + 10
= 196 + 14







210
= 210

the congruence 2is + 2jr + c ( 2kr results in 0 ( 2(k - j), 2(7 - 5) = 2(2) ( 0 mod 4; and 1 ( 2(k - j), unsolvable if s = 2, x ( 2 mod 4: a published solution (David M. Burton, Elementary Number Theory; Boston, Allyn and Bacon, 1976, pp. 242-247) gives x = 2st, one of s, t even, so x can only be 0 mod 4.

The equality the congruence is derived from can be rearranged


4W2 + 2is + 2jr + c
= 4Z2 + 2kr
2si + 2rj - 2rk

= 4Z2 - 4W2 - c


2(5)0 + 2(5) - 2(7) 
= 4(72) - 4(52 + 52) - 0




10 - 14

= 4(49) - 4(50)






= 196 - 200








= -4

and since 2(-4, the Diophantine equation 2si + 2rj - 2rk = -4 has integer solutions.

Even if the above results aren’t verified entirely, the results presented here indicate that simple approaches to Fermat might prove fruitful.

