Proof

First, a couple of notes about this text. ( is always a small positive integer, and ( is always a small negative number. Similarly, n is always representative of an integer. And lastly, in case you are unfamiliar with set notation, x([a,b] means a ( x ( b, and x((a,b) means a < x <b.

We should probably review the Mean value theorem before diving in, as it is used in proving a result central to this proof :

Let f be a function that satisfies the following hypotheses

1) f is continuous on the closed interval [a,b]

2) f is differentiable on the open interval (a,b)

Then there exists a number c in (a,b) such that 

f(b)-f(a) = f’(c)(b-a)

This is central to this proof.

Lemma 1: If f ’(x)=0 for all x in the interval (a,b), then f is constant on [a,b].

Proof: Let x1 and x2 be any two numbers in (a,b) with x1 < x2. As f is differentiable on (a,b-(), it is differentiable on (x1,x2) and continuous on [x1,x2]. By then applying the mean value theorem to f on the interval [x1,x2], we get that there exists a c such that

f(x2)-f(x1) = f ‘(c)(x2-x1)

As f ‘(c) = 0 for all x, we have 

f ‘(x2)-f ‘(x1) = 0

Which in turn implies that f(x) = D for some D on (a,b). As f(x) is continuous on [a,b] however, that implies that f(x) = c for the whole interval.

Lemma 2: Iff y(x) = (x(  (this is how we will represent floor(x)) and n is any integer

1) y’(x) = 0 for n < x  <n+1-( for (>0 and h(0 (this is nonstandard, but nonetheless maintains rigor)

2) y(n) = n

First, we set out to prove the if:

Proof: (x( is defined as

(x( = n {x: n ( x <n+1; n((}

3) follows immediately from this. Also, as we know that (x( = (x + (( for all 

0 ( ( ( ((x+1(-x)/2 (1). Thus, upon substituting n = x we are given 2). Similarly, we know that (x( = (x+(( for all ((x(-x)/2 ( ( ( 0 (2). Therefore, combining (2) with (1), and taking both terms as (,((0, we are given 1).

Now to prove the only if part:

Proof: Assume 1). Then, by Lemma 1, y(x) = D for all x([n,n+1-(], or for all x([n,n+1). But y(n)=n, so y(x)=n for all x([n,n+1), which is of course the definition of (x(.

QED

Now, we want to show that the function you’ve defined as
          (x + tan-1(1/tan((x))/( - ½      for x ( n

f(x) = ( 

          (n     for x=n

Satisfies both of the relations we need. We first know that f(x) is well defined and analytic at all x on [n,n+1] x( n, n+( , n+1, n+1-( where ( is, as usual, (>0 and ((0, and consequently now the infinitesimal we are going to use to differentiate with ( n+( is included because the function is not natural at n . It is a standard exercise to see that 

f ‘(x) = 1- (1+tan2((x))/(1+tan2((x))

=0

for the values where it is defined, which is n+( < x < n+1-(. And, you’ve defined the function such that f(n) = n, which proves requirement 2. Also, note that lim((0+f(n+() = n = f(n) (I leave this as an exercise; it’s not too difficult), which provides that 

lim((0+ lim((0 (f(n+(+()-f(n+())/( = 0

This shows that f ‘(x) = 0 for all x((n,n+1-(), which proves requirement 1. Therefore, 

f(x) = (x(
QED

