Excel @ Mathematics

A videoconference workshop led by Graeme Brown

from the Millennium Mathematics Project

What we’ll achieve :

· A clear perspective on the role of a spreadsheet when investigating mathematics.
· Some simple and powerful techniques with Excel
· Some interesting properties of number to continue exploring.
A Starter - Digit Scramble & Multiples of 9
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Take any three-digit number. Scramble the digits into as many new results as possible.

The difference between any pair of these results is always a multiple of 9. 

Why ?

The Excel file called  “Digit Scramble & Multiples of 9”  will let you test this.

Excel technique tasks :

Use MOD to create this arrangement :
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change A and B values as a check.
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Use INT to create this arrangement :

change A and B values as a check.
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Use Conditional Formatting to create this arrangement :

change A and B values as a check.
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Making a Table (quickly)
First decide how the values within the table relate to the top and side values. Copy/Paste a formula you create for the first result (5) across the whole table so that all nine results appear.

Change the top and side values as a check.

Spinners (increment buttons)
Use a spinner to produce values from  0 to 100 in steps of 1

Use a spinner to produce values from  -10  to 10 in steps of 1

Use a spinner to produce values from  0 to 20 in steps of 0.1

Use a spinner to produce values from  -10 to 10 in steps of 0.1

Use a spinner to step through the square numbers from  0 to  81

Remainder
What is the remainder when 22002 is divided by 7 ? 

What happens with different powers of 2? 

Try to explain the mathematics behind what you discover.

Here’s a result produced with Excel :

	x
	2^x
	remainder when 
divided by 7

	1
	2
	2

	2
	4
	4

	3
	8
	1

	4
	16
	2

	5
	32
	4

	6
	64
	1

	7
	128
	2

	8
	256
	4

	9
	512
	1

	10
	1024
	2

	11
	2048
	4

	12
	4096
	1

	13
	8192
	2

	14
	16384
	4

	15
	32768
	1

	16
	65536
	2

	17
	131072
	4

	18
	262144
	1

	19
	524288
	2

	20
	1048576
	4


The spreadsheet quickly produces a line of results, and leaves our brains free to think about the patterns we observe.

You can examine the Excel file for yourself :

It’s called “Remains_of_Powers” 

Click on the cell C3 to see the formula =2^B3 in the formula bar.

Remember the ^ sign makes Excel do powers.

Click on D3 to see the formula =MOD(C3,7) in the formula bar.

The MOD function will calculate the remainder when the number in C3 is divided by 7

Next these formulae are copied down for several rows to produce results for increasing powers of 2 

The remainders make a simple pattern : 2 4 1 2 4 1 2 4 1 . . .

Key Question: 

Why does this pattern occur?
An explanation might go something like this:

Going to the next power of 2, doubles the previous answer, and therefore doubles the remainder.

The remainder starts at 2, ( 2 divided by 7 has a remainder of 2 )

The next remainder is twice that ( 4 ), followed by another remainder, which is twice that ( 8 ) .

However when we divide we are taking out whole sevens, so the actual remainder this time is not 8 but 1 .

Double that 1, to make the next remainder, 2 , which was the first remainder we calculated, so we are in a loop, and the pattern will continue endlessly.

That didn't take very long. 

Using the spreadsheet to generate the initial results got us through the calculation stage quickly, so we have plenty of time to consider a more general problem.

What about division by any number, not just 7 ?

And what about powers of numbers other than 2?

Here's an Excel sheet you can use to explore these questions. 

It’s called “Remains_of_Powers_2” 

You'll see there are Spinners to control the new variables. 

Have fun. And remember, it's accounting for the pattern that's the real solution. 
The Difference of Two (same) Powers:
Starting with Squares:

If you take two integers and look at the difference between the square of each value, there is a nice relationship between the original numbers and that difference.
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The Excel file called “Difference of Two Squares” lets you explore this.

Sometimes a table of values helps, and the Excel file “As a Table” gives you that.

Look at the numbers and see if you spot anything that might be helpful. 

For example under the 6 you'll see 35, 32, 27 and 20 (notice anything - what for instance are the factors of 35 ? )

If you know about the Difference of Two Squares already then move straight on to Beyond Squares

How to make the Table:

In the file "As a Table", the formula in D3 is: = ABS ( $C3 ^ 2 - D$2 ^ 2 )
This calculates the (positive) difference between C3 squared and D2 squared.
The $ sign on the C of C3 means that if this formula is copied elsewhere the C part of the cell reference will not be adjusted for the new position. The formula will always pick up its first value from column C.
In the same way the $ sign on the 2 of D2 means that when this formula is copied to new positions the cell reference will keep with row 2.
Once this formula has been entered in D3 , right-click on D3 and choose Copy, select the whole table including D3, right-click and Paste .

Beyond Squares:

You may have discovered that when the original numbers differ by 2 the difference of their squares always contains a factor of 2, but when the original numbers differ by 3, the difference of their squares contains a factor of 3, and so on.
Of course the important thing to do when you reach that point is to understand why this is true. 

After that, a natural extension to this investigation would be to try other powers.
When the original numbers differ by 2 does the difference of the cubes have 2 as a factor ?
Is the difference of fourth powers also a multiple of 2 ? And so on. 
In general : is an - bn always a multiple of a - b for all positive integer values of n ? 
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Here's an Excel file to give you some useful results as you think about this (with a spinner to set the power from 2 to 6)  it’s called “Table of Powers” :
The cell D3 contains a very similar formula to the formula used in the "As a Table" file earlier but the power is the value in cell P3 instead of plain 2.

We don't really want to check each number in the table to see whether it's a multiple of the difference between its two source values.

Conditional Formatting is perfect for this job. Excel does the check for us and uses a colour change to indicate the outcome of that test.

Conditional Formatting using a formula : Select D3 and choose Conditional Formatting from the Format drop-down menu. 

You will see the following formula = MOD ( D3, ABS ( D$2-$C3 ) ) = 0

This tests to see if the cell , D3 , when divided by the difference between D2 and C3, gives a remainder of zero. 

In other words, it tests whether D3 is a multiple of ABS ( D2 - C3 )

The font colour changes from blue to red when this condition is satisfied - it seems that it always is.

 

So it looks like an - bn , where n is a positive integer, is always a multiple of a - b , but can we see why ? 
This is not easy to do, but is a very interesting result. 
Perhaps try explaining this for n = 3 , then n = 4 , and so on.
If you do manage that, you are just one step away from seeing what the other factor must be.
For the difference of two squares the factors were (a - b) and (a + b)
For the difference of two cubes the factors are (a - b) and ( ? ? ? )

For the difference of two fourth powers the factors are (a - b) and ( ? ? ? ? )
General result ?

If you get this far you really are doing some serious investigating.

Power Crazy

What can you say about the values of n that make 7n + 3 n a multiple of 10? 

and

Are there other pairs of integers between 1 and 10 which have similar properties? "

We might begin by using Excel to get some results for 7^n + 3^n , for integer values of n from 1 upwards, and see which of these are multiples of 10

The Excel file Power Crazy.xls shows this: 
	n
	3^n
	7^n
	7^n + 3^n

	1
	3
	7
	10

	2
	9
	49
	58

	3
	27
	343
	370

	4
	81
	2401
	2482

	5
	243
	16807
	17050

	6
	729
	117649
	118378

	7
	2187
	823543
	825730

	8
	6561
	5764801
	5771362

	9
	19683
	40353607
	40373290

	10
	59049
	282475249
	282534298


Notice that the spreadsheet doesn't solve the problem, it just does the calculation! 

In fact, no spreadsheet, however many results it shows, can be a replacement for the reasoning process. 

So what pattern do you see? 

And (key question) why does it occur?

Can we now answer the first part of the puzzle:
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"What can you say about the values of n that make 7^n + 3^n a multiple of 10? "

And how about the second part to the puzzle:

"Are there other pairs of integers between 1 and 10 which have similar properties? "

It does seem possible that there may be a connection between the two base numbers in the calculation and the multiple being considered; between the 3, 7, and 10.

So what about other combinations? 

Suppose we allowed the base numbers to vary, and showed the results as a table. 

Download the Excel file Power Crazy 2.xls
Notes on the construction of Power Crazy 2 , if required:

The first result, in C4 , comes from the formula: =B4^M2+C3^M2

Where B4 is the first value in the left-hand column and C3 is the first value in the top row.
M2 is the index (Power) value, which is adjusted using the increment button (spinner).

By this formula, B4 and C3 are both raised to the power M2, before being added together.

But the formula is in fact: =$B4^$M$2+C$3^$M$2 , and those dollar signs need explaining.

The purpose of the $ signs is to provide absolute references when the formula is copied from this first cell across the rest of the table.

$B4 has a $ in front of the B so that this cell reference will always come back to column B to collect a value to be used in the calculation.

Similarly C$3 has a $ in front of the 3 so that this cell reference will always come back to row 3 to collect a value to be used in the calculation.

The index (Power) value will always come from M2 so the two $ signs in $M$2 fix both the row and the column in this cell reference.

If you need help making a table of two independent variables check the technique notes.

You may also want to look at notes on increment buttons, they're very easy and let you keep your attention on the numbers instead of the keyboard.

Conditional Formatting has been used to pick out the particular values I'm looking for - the multiples of 10.

Conditional Formatting is used to make values of interest conspicuous, without the need for a cell-by-cell inspection, and is explained more fully in the notes at the end but the conditional formatting formula used here is :=MOD(C4,10)=0

MOD returns the remainder when C4 is divided by 10, and the condition required in this case is that the remainder should be zero.

Getting back to the actual investigation!

Excel has done the calculation for us (after we told it what we wanted done), but it has not explained why anything happens (or doesn't happen). That's our job!

Look at what produced multiples of 10. One arrangement group which includes the 3-7 combination, looks very promising. 

It is the group, 1-9, 2-8, 3-7, 4-6, and 5-5, which all work provided we use only odd values of n.

It would be nice to generalise and prove something here.

The next bit depends on how much algebra you want to do, but you can take a big leap forward in understanding what's going on if you look at xn + (10-x)n
For example if x is 3, then (10 - x) would be 7 , and we have the original puzzle. 

So by using algebra we can analyse the general situation, not just the 3-7 combination. x is the variable allowing us to represent the whole group.

Here's what to do:

Look at xn + (10-x)n for the case when n = 2: 

x2 + (10-x)2 can be re-written as 100 - 20x + 2x2 , because (10 - x)2 is the same as 100 - 20x + x2.

This doesn't help very much, but the next n value is more interesting:

xn + (10-x)n for the case when n = 3: 

That's x3 + (10-x)3 , and can be re-written as 1000 - 300x + 30x2 , because (10 - x)3 is the same as 1000 - 300x + 30x2 - x3
and the final term - x3 exactly cancels out x3 the first term of the whole x3 + (10-x)3 expression.

The terms that then remain will all have a factor of 10, and so the whole expression must be a multiple of 10.

Continuing the algebra for the cases when n = 5, or 7, or 9, and so on, there will always be a final term to exactly cancel out the first term, and all other terms will have a factor of 10.

So what have we explained? 

That for all odd n : xn + (10-x)n will always be a multiple of 10

Some questions to extend the idea: 

Would odd values of n make 5n + 3n a multiple of 8 and so on? 

Here's an Excel file that let's you change the value of the multiple being picked out with conditional formatting: Power Crazy 3.xls
And what about those combinations which produced multiples of 10 using values of n that were not odd? For example: 62 + 82 or 76 + 96
Final thought:

However much of the algebra you use and follow, the main purpose of this explanation is to illustrate how a spreadsheet can be created to give us numbers, and leave our brains free to think about what we see and why it happens. And like any tool, it takes practice! 

Inserting an Increment Button (Spinner) or Scroll Bar

to control the values in a cell

· The cell values are usually entered on the keyboard, but sometimes it is desirable to keep attention completely on the spreadsheet and not to use the keyboard at all for entering or changing cell values, e.g. with an interactive whiteboard. This can be achieved using increment buttons. There are two types available, Excel calls them Spinners and Scroll Bars. 

· The Spinner is a two part button made formed from an up arrow and a down arrow. The control is set on the Spinner so that the values stay within a chosen range and only change in steps of a specified size. The scroll bar is the same but with a slider between the two arrows.
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Spinners and Scroll bars are found on the Forms toolbar. To turn on any toolbar go to the View menu, choose toolbar and select the toolbars you wish to have on view. If you drag a toolbar to the top or bottom of the workspace it will become absorbed amongst the toolbar buttons already there.

· Chose the tool (spinner or scroll bar) from the toolbar, then just click and drag out the rectangular outline for the button you wish to create. It can be any size. Note: the size and other characteristics can be changed at any time.

· After you have a button on the workspace the next task is to connect it to a cell.            Right-click on the button, choose Format Control, and complete the dialogue box.
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Putting INT to work - Getting at Digits
We will use the INT function in a technique to isolate individual digits.

Let’s do 4827 as a worked example

To isolate the thousands digit use INT ( value / 1000)

4827 is divided by 1000 to produce 4.827 the integer part of which is 4. We have now isolated the thousands digit – it’s 4.
Next for the hundreds digit:

INT (value / 100) , where value would be the cell reference for the number whose digits we wish to isolate, reports how many hundreds in our value, 48, 

but since we require only the digit in the Hundreds column, the 8 not the 48, we must subtract ten times the digit from the thousands, the 4, to leave the required 8.

So the formula is :  INT ( value / 100) - (10 * INT ( value / 1000))

For the digit from the Tens column the formula would be:

INT ( value / 10) - (10 * INT ( value / 100))

That is the number of tens minus ten times the number of hundreds.

Lastly for the units:

value  - (10 * INT ( value / 10))

This is the number minus ten times the number of tens.

Making a Table of values for a Function of two variables
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Cell C3 contains the formula:   = C$2 * $B3  

* means multiply, C2 is the factor from the top row and B3 is the factor from the left hand column. The dollar sign, $, ensures that when the formula is copied from C3 across the whole C3:E5 range the first factor will continue to be taken from row 1 and the second factor will still be taken from column A.

The keystrokes for the copy manoeuvre are: 

· select C3 (just click on it)

· choose Copy from the Edit menu

· highlight (click and drag) the C3:E5 range

· choose Paste from the Edit menu

The formula from C3 is copied automatically to all cells in the C3:E5 range. The formula is adjusted  for each new position except where a $ sign was placed to show that this automatic assistance is unwanted.

Conditional Formatting Notes

On the Excel File called “Conditional Formatting Demonstration”, sliders control C2 and C9, spinners control C13 and C14.

Conditional Formatting is a setting applied to a cell which causes the appearance of the cell to change if a specified condition occurs.

There are two basic types of conditional formatting. One where the condition involves the value in that cell, the other where the condition is based on values from other cells around the sheet. 

The demonstration Excel file gives an example of each.

If C2 's value goes into the 50 - 60 range you’ll see the cell’s formatting change.

Click on C2, then choose Conditional Formatting on the Format menu to see the settings used.
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Clicking the “ Format . . . ”  button allows different colours to be selected.

The next slider controls C9. 

C9 also has Conditional Formatting applied, but this time the condition is not dependent on C9 's own value.

C9 can be made to change its appearance due to values elsewhere in the sheet. 

In this case, the values in C13 and C14. 

C9 's own value has no influence.

Here’s the setting:
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Notice that the first field in the dialogue box is set to “ Formula Is ”, and that, in the second field, the condition has to start with an “ = ” sign. 

Excel needs the “ = ” to know that what follows is a formula, to calculate or test.

So, with this setting, if  C13 > C14  the alternative formatting for C9 is triggered. 
Set the cell reference to determine which cell this button will control.





Set the step size. This must be an integer.





Set the range, by using the Min. and Max values.





Check you have the Control tab.





To insert a Spinner





To insert a Scroll Bar
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Graeme Brown - Millennium Mathematics Project
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