STEP Mathematics 111 2010: Markscheme

Section A: Pure Mathematics

1. (i)
n+1
c=—" >
T 1L
k=1
n
1
=n+1<zxk+xn+1)
k=1
M1
1
= n+1 (nA + xn+1)
Al
2 marks
(i) )
1
B == (o - A
n
k=1
n n n
BED PRI YR o
T Xk n Xk
k=1 k=1 k=1
M1 expanding
1 2A 1
=— ) x> —— ) x;+—nd?
n
k=1 k=1
n
1 2
=—Zxk — 242 + A2
n
k=1 . . d o Ard
M1 manipulating 2" & 3" sums
n
1
— 2 _ A2
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k=1
*Al
3 marks
(iii)
n+1
D=y (o~ O
T 1Lk
k=1

n+1 n+1 n+1

St S
Tnt+14 ThEa L]
k=1 k=1 k=1

M1 expanding



1
=—7 [n(B + A?%) + x,,.1%] — 2C% + C?
M1 use of (i), M1 manipulating 2" & 3" sums

1
= 1[n(B + A%) + x,41%] — C?

Al

2

= ! [n(B + A%) + x,.1%] — [ (nA + xp41)

n+1 n+1
M1 use of (i)

nB
[n(n+ 1)A? —n2?4% — 2nAx,1 + (0 + Dxp1? — X541

= +
n+1 (n+1)?

M1 expanding

_ nB + n
n+1 (n+1)2

[A2 — 2Axp41 + xn+12]

M1 collection of terms

n
= T 1?2 [(n+ 1)B + (A — xp41)7]
o.e. Al
8 marks
Hence, as
n
(7’1 + 1)D =nB + Tl—+1 (A - xn+1)2
and as
n 2
n+ 1(A _xn+1) = 0Vxn+1

M1 completion of square and use

(n+1)D =2nBV x,44

*Al
2 marks
nB n
_B: A_ 2_B
n+1+(n+1)2( *n+1)
n 1
=—7=(A- 2_—B
(n+1)2 (4 = Xnt1) n+1
M1
D<B &D-B<0
o—" Y-t p<o
(n+1)2 *n+1 n+1
M1
n+1
<:>(A_xn+1)2< B

Al



n+1
C)— B<xn+1_A<
n
n+1
B<x,,1 <A+

Withhold final A mark if < not used.

n+1
B

n+1

M1

*Al
5 marks



2. (i)

h _ette™
cosha = >
B1
1 1
[ ezt ix
x2+2xcosha+1 x2+x(ea+e‘“)+1

0

dx

f(x+ea)(x+e a)

or alternatively
1

1
= d
_f (x + cosha + sinha)(x + cosha — sinh a) x
0

M1 factorising
1 1 1
= - dx
(e —e ) (x+e ) (e*—e ) (x+e%)
0
M1 partial fractions

n

1 <1+e‘a
1+ e

B 1 l<a1+ea)
" 2sinha n\e 14 e

M1 handling limits and Ins

M1 integrating

- 2sinha

) + ln(eza)>

. a
~ 2sinha
*Al
6 marks
(i)
1
[E— .
x2+2x51nha—1 x2+x(e‘1—e ay—1
1 1
Bl

or alternatively
[o¢]

[ee]

1 1
dx =
fx2+2xsinha—1 x ]x2+2xsinha+sinh2a—cosh2a

1 1



r 1
- lf (x+er)(x—e9) dx

M1 factorising

~ f 1 1 1 L
) (et +e ) (x—e ) (e%+e ) (x+e?) *
1
M1 partial fractions

[ee)

- e e
" (e% +em9) " x+e*/l;
M1
e” M\ 1"
__ 1! =%
(e® +e79) 1_|_€x_a
_ 1 0 l(l—e‘a)
(e? 4+ e=9) n 1+ e
M1 Al
1+ e?
— a
_2cosha<ln<e ea—l))
1 a
= h_
2COsha<a+ln(cot 2)>
M1 Al
8 marks
X%+ 2x% cosha+ 1~ (x2 +e?)(x2 + e %) x
0 0
1 fw 1 1
- ) (Pte® @ten)
0
M1 Al
el () e ()]
=—|—tan'|(— | ——tan"' | —
(ea_e—a) e_% e_% e% e% 0
M1 Al
1 T . .a
" 2sinha (E 2 sinh E)
T
= a
4cosh§

M1 Al any correct equivalent in hyperbolic functions
6 marks



3. The two primitive 4™ roots of unity are +i

Bl
SoC,(x)=(x—D(x+i)=x*+1
M1 *Al
3 marks
()
Cix)=x-1

Bl
x2—1=@x-1Dkx+1)s0o C,(x)=x+1

Bl
3—-1=x-Dx%*+x+1)

M1
0 C3(x) =x?+x+1

Al

(or correct answer without working B2)

xS —1=(@x-D&*+x3+x2+x+1) 50 Cs(x) =x*+x3+x?+x+1
M1 Al
(or correct answer without working B2)

X —-1=03-DE*P+D) =& -Dx+1Dx*—-x+1)
S0 Ce(x) =x%2—x+1
M1 (must remove all 4 non-primitives) Al
(or correct answer without working B2)

8 marks
(i) C,(x)=0=>x*=-1
= x8 = 1 sonisamultiple of 8,
M1
and as there are 4 primitive 8" roots of unity,
M1
n must be 8
Al
3 marks

(i) xP=1=2xP—-1=0=>(x—1)P 1+ xP24+xP 3 +...41)
M1
1 is the only non-primitive root as no power of any other root less than the p™ equals
unity, because p is prime.
El
So Cp(x) =xP 1+ uP 2+ xP 3 4+ 41
Al
3 marks

(iv)  Norootof C,(x) =0isarootof C,(x) =0foranyt # n.
(For if t < n, by the definition of C,(x), there is no integer t such that a* = 1 when
a™ = 1. Similarly, if t > n.)
El



Thus if C,(x) = C,.(x)Cs(x), and if Cq(x) = 0,then C,.(x) = 0or C;(x) =0, 0
q=r1 orq=s.

M1
If ¢ =r,then C,(x) = C,.(x), and so C;(x) = 1 which is not possible for positive s,
and likewise in the alternative case.

El
3 marks



4. (i) a’+aa+b=0
a’+ca+d=0

Subtracting gives (a —c)a+ (b—d) =0

So(a—c)a=—(b—d)andasa # ¢

(b—a)
T (a0
M1
1 mark
So if there is a common root (a # ¢ ), then a = —% is it, and it satisfies
x*+ax+b=0,
b—-d b—-d
so(ﬁ) aia 3 +b=0ie(b-d?—ab-d)(a—c)+bla—c)?=0
M1 Al
If (b—d)?—ab—d)(a—c)+bla—c)>=0 and a # c,
(b—d)\? (b—-d) _ ) _
Then ((a_c)) +a (— (a_c)) + b =0, and so o) satisfies x> + ax + b = 0
M1
(b-a) _ -
Also, (( C)) + c( (a_c)) +d
M1
_ ((b-d)\? (b-d) (b-d)
_((a—c)) +a( (a— c))+b+(c )( (a— c))+(d b)
M1
b—-d
=0+ (c-a) (-2 C§)+(d b)=0+GB—d)+(d—b)=0
SO —% satisfies x2 + cx + d = 0 as well, so there is a common root.
Al
6 marks
Alternatively, if there is a common root and a = c, then initial subtraction yields
b = d, and so result is trivially true.
Bl
If (b—d)?>—ab—d)(a—c)+bla—c)>=0 and a=c,thenb =d, so the
two equations are one and the same, and they have common roots.
Al
2 marks
(i) If «aisthecommonroot, a®?+aa+b =0,
and a3+ (a+ Da’?+qa+r=0.
a(a’?+aa+b)=0
M1
Subtracting gives a? + (g — b)a +r =0
M1
Thus, using the result from part (i),
M1

(b-r)?—alb-r)(a-(@-b)+bla-(q-b) =
ie.(b—-r)—-ab-r)a+b—q)+bla+b—q)*>=0
*Al



If(b—7)2—ab—7r)(a+b—q)+bla+b—q)*=0,then
x*+ax+b=0 and x2+ (¢ — b)x +r = 0 have a common root from (i)

M1
Sox(x?+ax+b) =0 and x? + (g — b)x + r = 0 have that common root

M1
and thus, x(x?> + ax + b) + x> + (q — b)x +r = 0 and x? + ax + b = 0 have that
common root as required.

Al
7 marks
. 5 5 1
Usmg—z,zq o r=7
5 1 3 _
so (b—12) =3(b=3)b+b%=
M1
b3 -3p24lp+2=0
2 4 4
Al
— 2 _ 1, 1) _
(b 1)(b b 4)_o
1t A
So=1,orp =2 _ Vs
2 4
M1 Al

4 marks



5. Pis (an,0), Qis (0,am) m,n + 0,or 1

a

CP is the line 2 =
. x—an a—an
ie. 1—-n)y=x—an

M1 Al
an - . an
AtR, = O,Soy = i.e.Ris (O,E)
M1 Al
- am
Sis (m—l' )
B2
(If S not found correctly, allow B1 for CQ is (1 —m)x =y —am)
Thus RS is the line 2= x + 2=y = 1
am an
M1 Al
. . 1 1
and PQ is the Imeax t—y= 1
M1 Al
ie. n(m—Dx+m(n—1)y =amnand mx + ny = amn
Subtracting, for the point of intersection T,
(mm-n—-m)x+(Mmn—-m-n)y=20
M1
However, as RS and PQ intersect, = # 2=
m n(m-1)
M1
this condition is m?n —mn? —m? +n?2 # 0,
m—n)(mmn-m-n)#0
M1 Al
Soas (mn—n—-m)x+(mn-m-n)y=0, x+y=20
Al
(Alternatively,ifmn—m-n=0n=— - < 0 , is a contradiction M1A1A1)
Thus TA has gradient -1 and as AC has gradlent 1, TA & AC are perpendicular.
El
16 marks

Labelling the square ABCD anti-clockwise, choose points on AB and AD different
distances from A, label them P and Q, construct CP and CQ, and find their
intersections with AD and AB, R and S, respectively, and find the intersection of PQ
and RS, label it T, then TA is perpendicular to AC.

E2
Rotating through right angles and repeating three more times gives sides of a square
of area 2a?.

E2
4 marks



6. (i) P; is (cos¢@,sing,0)

B1, Bl
2 marks
(i)  Pyis(cos¢cosA,singcosi,sini)
B1, B1, Bl
3 marks
Q4 is (—sin¢,cos¢,0)
B1
Q, is (—sin¢g,cos ¢, 0)
B1
R is(0,0,1)
Bl
R, is (—cos¢@sini,—sin@sinA,cos 1)
B1, B1, Bl
6 marks
Q; & R, need not be quoted and can be implied by correct Q, & R,
cos @ cos A 1
(i) OP,-0P, = (sinqo cos A) . (0)
sin A 0
M1 Al
=1X1Xcosf
M1
SO cosf = cos¢ cos A
*Al
4 marks
Alternatively, by use of cosine rule,
(1 —cos@cosA)? + (singcosA)? + (sin1)? =1+1—2cos b
M1 Al
and correct simplification yields cos 8 = cos ¢ cos A
M1 *Al
4 marks
1 cos @ cos A
Direction of axis is (0) X (sin @ cos /1>
0 sin A
M1 Alft
0
= (— sin A )
sing cos 1
Al Al Alft

5 marks



7. y = cos(msin~1 x)

cos 'y =msin~tx

L &y __m
1-y2dx  Vi-x2
M1
2
oW\ 204 L2
(1 -x2) () =m?1-y?
M1
2
Yy o (T 52 Y
2(1 x)dxzdx 2x(dx) Zm ydx
M1
¥y _ Ay 2
1 x)dx2 x—=-my
M1
ey dy 24, —
1 x)dx2 xdx+my—0
*Al
5 marks
Alternatively, y = cos(m sin™! x)
d_y__ . o —1 m
= sin(m sin x)m
M1
d%y . _q m? . .1 mx
ﬁ=—cos(msm x)l_xz—sm(msm x) 3
(1-x2)2
M1
d?y . . . mx
(1—352)E=—m2 cos(msin™! x) — sin(msin™! x) 1
(1-x2)2
M1
(1—x2)d—x32/=—m2y+xd—
M1
L2 4y dy 2.,
(1 x)dx2 xX—+mcy =
*Al
5 marks
imi By _ o A%y A%y _dy 0dy
Thus similarly, (1 —x®) —= —2x——= —x—=——+m*—=0
_ &Y 5 2%y 2_ )@ _
(1 x)dx3 3xdx2+(m 1)dx—0
Bl
23y 5 @y o Ay gdly 2 _ ¥y _
and (1 x)dx4 2xdx3 3xdx3 3dx2+(m 1)dx2—0
_ 24y g 2%y 2 _ 4%y _
1 x)dx4 Sxdx3+(m 4)dx2—0
B1

2 marks



Conjecture (1 —x )Znn+2 —(@2n+ 1)xd ) Y 4+ (m? - 2)‘;”7%: =0
B1
Assume true forn = k
Differentiating gives
2 dk+3y dk 2 2 _
(1-x )dx"+3 - Zxd k+2 - 2k + 1) k+2 - 2k + 1) T + (m* —k )dxk“ -
0
dk
(1 —x? )d 3 (2(k+1)+1)xd k+2+(m - (k+1)? )d =0
M1
which is the required result for k + 1
Al
Result is true for n =0,
B1
so true for all n by PMI.
El
5 marks
x=0,y=1,
B1
N ——
dx dx?
B1
d3 d
d—xJ;_ ,_Z=m2(m2_4)
B1
2 2_92
yzl_r;l' x? m(ﬂ; ot
B1
4 marks
If @ =sin"'x,x =sinf,
2 2 2_9»2 2 —
cosmf =1 —%xz +%'Z)x4 +.-=1 —%sinZH + (m 2 )sm 10 +-
*B1
All odd differentials are zero,
and even ones are (—=1)**'m?(m? — 22) ... (m? — (2k)?)
M1

Thus if m is even, the terms are zero from a certain point and therefore the Maclaurin
series terminates and is thus a polynomial.
El

The polynomial is of degree m
Bl
4 marks



P(x) QR ()-Q' ()R(x) R(x)
dx = dx = —(+k
J (e0)* J (ew)” 260 (F6)
B2
2 marks
(i) R(x)=a+bx+cx>?=>R'(x) =b+2cx
Qx)=1+2x+3x>=>Q'(x) =2+ 6x
5x2 —4x —3 = (14 2x +3x%)(b + 2cx) — (2 + 6x )(a + bx + cx?)
M1
So equating coefficients,
5=3b+4c—-6b—2c,—4=2b+2c—2b—6a,-3=b—2a
that is
5=-3b+2c,-2=-3a+c,-3=-2a+b
M1 AL Al Al
5x2—4x-3 1-x+x2 -3x-2x2
Thus, f(1+2x+3x2)2 dx = 1+2x+3x2 (+c) = 1+2x+3x2 (+c)
Al
5=-3b+2c,—-2=-3a+c,-3=-2a+b
are three linearly dependent equations, so a, b, and ¢ are not uniquely defined.
El
Choosing a=0,=-3,c=-2
ora=1,b=-1,c=1
Bl
_ 2 2 _2n_ 9.2 292
A RSN TSYTRY 1+ =222 50 both integrals are the same bar the
1+2x+3x 1+2x+3x 1+2x+3x
arbitrary constant
El
9 marks
(i) (1+cosx+2 sinx)z—i/+ (sinx —2cosx)y =5—3cosx +4sinx
dy (sinx—2cosx) __ (5—3cosx+4sinx)
dx = (1+cosx+2sinx) - (1+cosx+2sinx)
. . . f (sinx—2 cosx) x . 1
So the integrating factor is e’ Gtcosxizsinn" = g~ In(l+cosx+2sinx) —
1+cosx+2sinx
M1 Al
1 dy (sinx—2cos x) __ (5-3cosx+4sinx)
1+cosx+2sinx dx = (1+cosx+2sinx)2”  (1+cosx+2 sinx)?2
Q(x) =14+ cosx+2sinx = Q'(x) = —sinx + 2cosx
Suppose R(x) =a+ bsinx +ccosx = R'(x) =bcosx —csinx
M1

Therefore, 5 —3cosx + 4sinx = (1 4+ cosx + 2sinx)(b cosx — csinx) —

(—sinx + 2cosx)(a + bsinx + c cos x)
M1



(1+ cosx + 2sinx)(bcosx — csinx) — (—sinx + 2cosx)(a + bsinx + ¢ cos x)
=(b—2a)cosx — (c—a)sinx
+(b—2c)cos?x+ (2b—c—2b +c)cosxsinx + (b — 2¢) sin® x

Al
5=b—-2c,-3=b—-2a,4=a—-c
M1
Solving/choosing a=4,=5,c =0
M1
Thus 1 —y= f(5_3 cosx+4.51nx2) _ 4+551nx-
1+cosx+2sinx (14cosx+2sinx) 1+cosx+2sinx
Alcso
y=4+5sinx+ k(1 + cosx + 2sinx)
= —4cosx —3sinx + k(1 + cosx + 2sinx)
Alft

9 marks



Section B: Mechanics

0. Resolving in the direction PO for the mass P, we have

2
mg sin 6 —R=%,

M1 Al Al Al
where R is the normal reaction of the block on P, and v is the (common) speed of the
masses when OP makes an angle 8 with the table.

(Thus R =mgsinf — mTvz)
Conserving energy,

%mv2 +%Mv2 + mgasind — Mgaf =0
M1 A1, Al, Al Al

Hence. 2 — 2ga(M6-msin @)
! m+M
M1 Al
andso R = mgsin6 _ 2mg(M8-msinf)
m+M
M1 Al
__ mg((3m+M) sin 0—2M6)
- m+M
Al
14 marks

9y p




Considering the graphs of y = asinf,andy = b8 for 0 < 0 < g

M1 Gl
asin@ — b6 = 0,v0,0 <9 <~ ifandonly if asin6 —bo =0 for ==
Al
SOR 20 forall 6,0 <6 <7 ifandonly if (3m + M)sin> —2M>>0
M1
ie.Bm+M)—nM =0
Al
which can be written 7 > =
*Al
6 marks
Alternatively, in place of conserving energy,
Mg —T = Ma#
M1 Al
T —mg cos @ = ma#
Al

Thus adding Mg — mg cos 8 = (M +m)aé , and integrating, with initial conditions
. . 2
=0,6=0,Mgh —mgsinf = %(M +m)ab? = %(M +m) = yielding
M1 Al
2 _ 2ga(M-msin@)
ve= m+M

M1 Al



10. Conserving energy,
((a2+b2—2ab cos ¢)%—c)

Cc

2

Zmv? +221 =A
2 2

M1 (energy) M1 (cosine rule) Al
Differentiating,

A 1 1 .
mvv + E((az + b? — 2ab cos $)Z — c) (a® + b* — 2abcos ¢p) 2absingp p = 0

maéad§+&absin¢¢3[1— d 1]=0
¢ (a?+b2-2ab cos )2
M1 Al
Thus,
maq'5=—&bsin¢[1— < 1]
¢ (a?+b2-2ab cos ¢p)2
SOma(ﬁ——ﬂ[bSind)— bsin¢
- 1
¢ (a?+b2-2ab cos )2
Al
1
. b _ b _a _ (a?+b%-2abcos$)?
By the sine rule, sin(r—(0+¢))  sin(0+¢)  sing sin ¢
M1 Al Al
T asin(6+¢) sin ¢ s _ _q|asing .
soma¢p = —A1 [—C o sin(6 + (l))] =-1 [csin9 1] sin(6 + ¢)
M1 *Al
11 marks
Alternatively, resolving perpendicularly to OB,
.. .
ma¢p = —Tcos(n—;—e—cp)
M1 A1 Al
where T = APBC_C
M1 Al Al
. PB—c .
somap = —A— sin(6 + ¢)
M1 Al
_ _,(asing .
=-1 (—csine 1) sin(6 + ¢)
M1 Al *Al
11 marks
b a b a
For ¢ and 6 small, as S6+e) —sme’ 9 "0
M1 AlAl
and so a(0 + ¢) ~ bO
*Al
4 marks
Therefore, further, 8 ~ %

Bl



Thus ma¢ = —2 (m— 1) sin(60 + ¢) = -1 (%— )(0 +¢)

csin@

i.e. mad ~ —/1(17_7“— 1)¢(ﬁ+ 1)

M1 Al
: v A (b-a-c b
in other words, ¢ ~ —%( . ) (E) b
. mac(b—-a)
andso 7t = 27 /—Ab(b_a_c)
M1 Al

5 marks



11.
(1) If the acceleration of the block is a’ , then

R=m(a—a") and

M1 Al
R—uM+m)g =Ma'
Al
So a = il +a = kil + R-p@tm)g
m m M
M1 *Al
5 marks

Alternatively, if the acceleration of the block is a’, and the acceleration of the bullet
is a”,
—R =ma" and

M1 Al
R—u(M+m)g = Ma'
Al
So relative acceleration a = a’' —a" = %+ W
M1 *Al

5 marks

(i)  The initial velocity of the bullet relative to the block is —u
The final velocity of the bullet relative to the block is 0

If the time between the bullet entering the block and stopping moving through
the block is T, thenusing = u + at , 0 = —u + (% + W;—er) T
M1 *Al

For the block, initial velocity is 0, final velocity is v , and again using v = u + at ,

’ R—u(M+m)g u
v=al = R R-p(M+m)g
. ( (E+ M( )) )
_ (R | R—u M+m)g) R—u(M+m)g u __ Ru—u(M+m)gu
Soav = (m T W (R Rarmg) M

M1 Al
4 marks

(iti)  For the block, initial velocity is 0, final velocity is v, and if the distance
moved by the block whilst the bullet is moving through the block is s,
using v? = u? + 2as, v? = 2ad's

M1
SOS_i— Mv? _ My w
T 2a' T 2R-p(M+m)g) 2% ~ 2a

M1 Al

3 marks
(iv)  Once the bullet stops moving through the block, initial velocity of block/bullet

is v, final velocity is 0, acceleration is - ug, so distance moved s’using
2

v?2 =u? + 2asisgivenby 0 = v? — 2ugs’ ie. s’ = 2”%
M1 Al

2 marks



2
Thus total distance moved is = + — = —— [ugu + av]
2a  2ug 2uga

4

- 2uga [‘ugu +

Ru—u(M+m)gu]
M

uv [uMg+R—u(M+m)g]

2uga M
__ uv [R—pmg]
2ugl Ma
__ uv [R—pmg] 1
“2ugl M | R R-pMim)g
m M
__ uv [R—pmg] Mm
2ugl M I RM+Rm—-u(M+m)gm
__ uv [R—pmg] Mm _ muv
2ugl M 1 (M+m)(R—pmg)  2(M+m)ug

4 marks

If R < (M + m)ug, then the block does not move,

2
and the bullet penetrates to a depth %.

2 marks

M1

M1

M1

*Al

Bl

Bl



Section C:  Probability and Statistics
12 S=1+0+dr+@+2d)r?>+ -+ A +nd)r* + -

S—rS=1+Q+dr+@A+2d)r?>+ -+ A +nd)r™ + -
—-r—A+dr*—--A+n—-Dd)yr"—--

=1+dr+dr*+--+dr*+--

=1+
1_I rd
SoS = Tr + -2
3 marks
E(A)=1a+2(1—-a)a+3(1—-a)?a+-+n(1l—a)"ta+
=afl+2(1-a)+31—-a)?*+--+n(l-a)® 1 +--}
The bracketed expression is S as above withd = 1,r = (1 — a)
= ! U9 | _ ,fl,1a
SOE(A) = a{l—(l—a) + (1_(1_a))2} = a{a + — }
—gl_1
- aaz T a
4 marks
a=a+(1—-a)l—-b)a=a+aba
Thus ¢ = ——
1-a’'b
3 marks
Alternatively,
a=a+aba+a’ba+ -
_ a
T 1-a'p’
3 marks
ﬁ =l-a=1- ar 7= 1_a’b/’_/a = a’_a”b,’ = a’(l_/b:) = a’lr) ’
1-a'b 1-a'b 1-a'b 1-a'b 1-a'b

2 marks

M1

Al

*Al

M1 Al

M1 Al

M1 Al

Al

M1 Al

Al

M1 Al



Alternatively,
B=ab+ a’b'b+a3b?h+ -
_a'b
T 1-a'p’

M1 Al

2 marks

E(S) =1a+2a'b +3a'b'a+ 4a'’’h'b + 5a'°b"*a + -

M1 Al
= a{l +3a'b’ + 5a/2b/2 + } + 2a'b{1 +2a'b + }

M1

which using the initial result of the question

_ 1 2a'p’ , 1 a'p’
=a [1—a’b’ + (1—a’b’)2] +2a’b [l—a’b’ + (l—a’b’)z]

M1 Al

a(l—a'b')+2aa'b'+2a’b(1—a’b')+2a'2b'b
1-a’p’

a(1+a’b')+2a’b}
1-a’p’

a(1+a'b')+2a’b}
1-a’'p’

7
{
{
{a(1+(1—a)(1—b>)+z<1—a>b}
{
{
ol

1-a’'b’

~
o
~

2a+2b—2ab—a2—ab+a2b}
1-a’'b’
(2- a)(a+b—ab)}

1-a'p’

S
~

1-a'b’
(2—-a)
1-a’'b’

(2- a)(a+b—ab)}
(a+b-ab)

M1 Al
1 1-a
1-a'p’  1-a'b’

_|_

QIR

< |

*Al
8 marks



13.  Corr(Z,,Z,) =0

B1
1 mark
2 N+
EY,)=E (Plzzl +(1- P12)222)
1
=pE(Z) + (1 - P%zl)EE(Zz)
=p12 X0+ (1—pf)2x0=0
M1 Al
2 1
Var(Y;) = Var (P1221 +(1- ,012)222)
= pf,Var(Zy) + (1 — p,)Var(Z,)
=pL+(1—-p%)=1
M1 Al
_ COU(Yl,Yz) _ _ _
Corr(Yy,Y,) = Taraovars) Cov(Yy,Y,) = EM1Y,) — E()E(Y)
M1
2 2 \=
=E (p12Z1 +(1- P12)ZZ1ZZ)
1
= pVar(Zy) + (1 — pi)2E(Z,)E(Z,)
= P12
M1 Al
7 marks
E(Y;) = E(aZ, +bZ, + cZ3) = aE(Z,) + bE(Z,) + cE(Z3) = 0 asgiven
Var(Y3) = Var(aZ, + bZ, + cZ3) = a*Var(Z,) + b*Var(Z,) + c*Var(Z3)
=a’+b*+c?=1
M1 Al
COT'T(Yl, Y3) = E(ale + bZ]_ZZ + Cleg) =a= p13
M1 Al
Corr(Y,, Y3) = E(Y2Y3) - E(YZ)E(Y3)
1
=E <(01221 +(1- sz)izz) (aZy +bZ; + CZs))
M1
1
= prpaVar(Z,) + (1 = pi,)zbVar(Z,)
1
= p1za+ (1 = pi,)2b = py3
M1 Al
Hence a = P13, b= P23—P12P113
(1—P%2)2
M1 Al
and ¢ = \/1 —p2, — (P23—P12P13)?
13 (1-p3,)
Al

10 marks



Xi =u; + O'L'Yi for i = 1,2,3

Bl
as E(X;) = EQu + 0iY) = EQu) + E(0iY}) = p; + 0 E(Y) =
Var(X;) = Var(u; + 0;Y;) = Var(;Y;) = ofVar(Y;) = of
and Corr(X;,X;) = Corr(Y,,Y;) = p;; as a linear transformation will not affect
correlation.

El

2 marks



