The Rolling Polygon

Equilateral Triangle:

[image: image1]
Working:-



All of the angles in a triangle add up to 180°.

So an equilateral triangle, having equal angles, has three angles each 60°.

Therefore the angle of ‘Arc 1’ = 60° + 60° = 120°

120° = 1
So the length of ‘Arc 1’ is a third of the circumference 

360°    3
of the circle.

Circumference = π x Diameter

Arc 1 = 1 x π x 2

             3

Arc 1 = 2π
             3



Due to symmetry, Arc 1 = Arc 2.



So the total length of this ‘trajectory’ = 2 x 2π = 4π units







         3       3

Square:


[image: image2]
Working:-



‘Arc 1’ and ‘Arc 3’ have radii of one unit, the length of the square.



You can work out the radius of ‘Arc 2’ using Pythagoras’ Theorem:



c2 = a2 + b2


c2 = 12 + 12


c2 = 2



c   = √2


radius of ‘Arc 2’ = √2 units



‘Arc 1’ and ‘Arc 3’ both have angles of 90°.



The angle of ‘Arc 2’ consists of two angles which are both half of 90°.



Therefore, all three of the arcs have the same angle of 90°.

90°   = 1
So the length of each arc is a quarter of the 

360°    4
circumference of the circle.

Circumference = π x Diameter

‘Arc 1’ = ‘Arc 3’ = 1 x π x 2

‘Arc 2’ = 1 x π x 2√2


        4



    4

‘Arc 1’ = ‘Arc 3’ = π


‘Arc 2’ = π x 2√2

        2




4








‘Arc 2’ = π √2









      2



So the total length of this ‘trajectory’ = (2 x π ) + π √2

2 2

= 2π + π √2

         2

= π (2 + √2) units
          2

Pentagon:


[image: image3]
Working:-



A pentagon can be divided into 5 equal isosceles triangles as shown.







[image: image4]


This means that the centre angles must each = 360° = 72°









     5

Since all the angles in a triangle add up to 180°, and the triangles are isosceles, the other two angles in each triangle must 

= 180° - 72° = 54°


           2

Therefore each angle in the pentagon = 2 x 54° = 108°

Presuming that each arc angle is the same size and 360° divided by the number of sides, like the previous examples, all four arcs of the pentagon have angles of 72°.


[image: image5]
In the pentagon, AB is parallel to CE



   BC is parallel to AD



   CD is parallel to BE



   DE is parallel to AC



   AE is parallel to BD

This means that triangle ABC is similar to triangle EID.


BC = AB = AC


ID      EI      ED

 1  =  1   = AC
ID    EI       1



If AC = x,



Scale factor of enlargement = x



Therefore EI = ID = 1





         x

Angle IED = IDE = 54° (as proven earlier) and so since ED is parallel to AC and ID is parallel to BC, angle ACI = CAI = 54°.

Therefore angle AIC = 180° – 54° - 54° = 72°

ABC = AIC

BAC = CAI

ACB = ACI


So triangle ABC is similar to triangle ACI.

Since length AC is a shared by both triangles, triangle ACI must be triangle ABC inverted.

Due to symmetry, the lengths AC, AD, BE, BD and CE must be the same length. And so, they all equal x.


AD = AI + ID


  x   = 1 + 1


    x


  x   = x + 1


x


  x2 = x + 1

   x2 – x – 1 = 0

In the equation:  ax + bx + c = 0


a = 1, b = -1 and c = -1

Using the equation   x = -b ± √(b2 – 4ac)




2a



         x = 1 ± √(1 – 4 x 1 x -1)




2 x 1



         x = 1 ± √5



       2



         x ≠ 1 - √5   as you cannot have a negative length




       2



So x = 1 + √5   




   2

Circumference = π x diameter

‘Arc 1’ = ‘Arc 4’ = 1 x π x 2


                    5

‘Arc 1’ = ‘Arc 4’ = 2π



        5

‘Arc 2’ = ‘Arc 3’ = 1 x π x 2(1 + √5)   



        5            (    2    )

‘Arc 2’ = ‘Arc 3’ = 2 π(1 + √5)   =  π(1 + √5)




    10

    5

So the total length = 2 x (2π) + 2 π(1 + √5)



                (5 )
          5



      = 4π + 2 π(1 + √5)




        5

The total length of this ‘trajectory’ = π (6 + 2√5) units






        5
Results so far:


No. of sides

length (units)




       3


4π  =  2π (1 + √1)






 3
      3




       4


π (2 + √2)  =  2π (2 + √2)






       2

      4




       5


π (6 + 2√5)  =  2π (3 + √5)






        5

       5

A possible formula is:  2π (n - 2 + √x)
when n = no. of sides





n

          x = a currently unknown value


When n = 3, x = 1


          n = 4, x = 2


          n = 5, x = 5


          n = 6, x = ?


One idea is that x = (previous x)2 + 1



So when n = 6, x = 26

Hexagon:


[image: image6]
Working:-



A hexagon can be divided into 6 equal isosceles triangles as shown.


[image: image7]


This means that the centre angles must each = 360° = 60°









     6

Since all the angles in a triangle add up to 180°, and the triangles are isosceles, the other two angles in each triangle must 

= 180° - 60° = 60°


           2

Therefore, the triangles are in fact equilateral so the length of the lines from any corner to the centre must also equal one unit.

Presuming that each arc angle is the same size and 360° divided by the number of sides, like the previous examples, all five arcs of the hexagon have angles of 60°.

Looking at the two furthest left triangles in the hexagon,




If you cut the rhombus BAFG in half, with line BF, you can make right-angled triangles.

Since line BF is a line of symmetry, it must cross half-way through line AG.

Using Pythagoras’ Theorem,


BH2 = BG2 – HG2


BH2 = 12 – (½)2

BH2 = 1 - ¼


BH2 = ¾


BH  = √¾

So line BF = 2√¾


      = √(4 x ¾)


      = √3

Circumference = π x Diameter

‘Arc 1’ = ‘Arc 5’ = 1 x π x 2 = π
6             3

‘Arc 2’ = ‘Arc 4’ = 1 x π x 2√3 = 2π√3 = π√12
 6

         6
         6

‘Arc 3’ = 1 x π x 4 = 2π

6 3

So the total length = 2 x π + 2 x π√12 + 2π



   3             6       3



      = 2π + 2π√12 + 2π


          3          6        3



      = 8π + 2π√12

6 6

The total length of this ‘trajectory’ = 2π (4 + √12) units

     

        6
Results so far:


No. of sides

length (units)




       3


2π (1 + √1)






        3




       4


2π (2 + √2)






        4

      




       5


2π (3 + √5)






        5


       6


2π (4 + √12)

     
        6

When n = 3, x = 1


          n = 4, x = 2


          n = 5, x = 5


          n = 6, x = 12


          n = 7, x = ?

x ≠ (previous x)2 + 1


as when n = 6, x = 12, not 26

Pattern:  n = 
3
4
5
6
7
n
  x =
1 
2
5
12
…


Difference: 1  –  2  –  5  –  12  –  (25 or 27)
          +1    +3    +7    (+13 or + 15)



  +2    +4   (+6 or +8)



      +2


Heptagon:


[image: image8]
Working:-



A heptagon can be divided into 7 equal isosceles triangles as shown.




This means that the centre angles must each = 360°








     7

Presuming that each arc angle is the same size and 360° divided by the number of sides, like the previous examples, all six arcs of the heptagon have angles of 360°.




      7

Since the sum of the angles in a triangle equals 180°, and there are 7 triangles in a heptagon, the sum of the angles in a heptagon


= 7 x 180° - 360°


= 1260° - 360°


= 900°

Therefore, each of the angles in a heptagon = 900°






   7



In triangle GFE, you can find the length of GE using the cosine rule:




GE2 = GF2 + FE2 – 2 x GF x FE x cosF°




GE2 = 1 + 1 – 2 x 1 x 1 x cos900°







7




GE2 = 2 – 2cos900°





  7




GE = √(2 – 2cos900°)






     7




In triangle GFE, you can find angle GEF by:


(180° - 900°)  / 2 = 360° / 2 = 360° = 180°
  7                  7
  14        7



With angle GEF you can then find angle GED with,




900° - 180° = 720°



  7         7          7



In triangle GED, you can find the length of GD using the cosine rule:




GD2 = GE2 + DE2 – 2 x GE x DE x cosE°




GD2 = (2 – 2cos900°) + 1 – 2 x √(2 – 2cos900°)  x 1 x cos720°





    7


         7                        7




GD2 = 3 – 2cos900° - 2cos720°√(2 – 2cos900°)






  7                7                       7




GD = √(3 – 2cos900° - 2cos720°√(2 – 2cos900°))






    7                7                       7

Circumference = π x Diameter

‘Arc 1’ = ‘Arc 6’ = 1 x π x 2 = 2π
        7

   7

‘Arc 2’ = ‘Arc 5’ = 1 x π x 2√(2 – 2cos900°) = 2π√(2 – 2cos900°)




        7                              7
     7

  7

‘Arc 3’ = ‘Arc 4’ = 1 x π x 2√(3 – 2cos900° - 2cos720°√(2 – 2cos900°))


        7


    7                7                       7




    =  2π√(3 – 2cos900° - 2cos720°√(2 – 2cos900°))




         7

       7                7                      7

So the total length 

= 4π + 4π√(2 – 2cos900°) + 4π√(3 – 2cos900° - 2cos720°√(2 – 2cos900°))

    7      7                    7          7                    7                7                       7

The total length of this ‘trajectory’ = 9.063795212… units                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         

9.063795212 = 2π (5 + √x)
         7


63.44656648 = 2π (5 + √x)


10.09783468 = 5 + √x



     √x = 5.097834678



       x = 25.9879184… (Correct to at least 3 or 4 decimal places)



       x = 25.9879 (approx.)

Final Results:



No. of sides

length (units)




       3


2π (1 + √1)






        3




       4


2π (2 + √2)






        4

      




       5


2π (3 + √5)






        5


       6


2π (4 + √12)

     
        6




       7


2π (5 + √25.9879)







7

Pattern:  n = 
3
4
5
6
7
       n
  x =
1 
2
5
12
25.9879      ?



Difference: 1  –  2  –  5  –  12  –  25.9879
          
          +1    +3    +7    +13.9879



              +2    +4    +6.9879



                  +2
   +2.9879


Overall, from our results, we’re currently unable to see a pattern in the value of ‘x’ so we cannot make a complete general formula.


As the triangle rolls, draw the ‘trajectory’ from take-off to landing.





If the side length is one unit, calculate the exact length of this ‘trajectory’.





As the square rolls, draw the ‘trajectory’ from take-off to landing.





If the side length is one unit, calculate the exact length of this ‘trajectory’.





As the pentagon rolls, draw the ‘trajectory’ from take-off to landing.





If the side length is one unit, calculate the exact length of this ‘trajectory’.





F





A





E





D





C





B





G





H





I





J





As the hexagon rolls, draw the ‘trajectory’ from take-off to landing.





If the side length is one unit, calculate the exact length of this ‘trajectory’.





A





B





C





D





E





F





G





H





As the heptagon rolls, draw the ‘trajectory’ from take-off to landing.





If the side length is one unit, calculate the exact length of this ‘trajectory’.
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